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1. Introduction 



Scattering amplitudes led to the discovery of string theory more than 40 years ago. 
But after all these years, explicit results for higher- loop and/or higher-point amplitudes 
are relatively sparse. In fact, since the publication of the famous review by D'Hoker 
and Phong [0 in 1988, there has been a small number of new ten-dimensional scattering 
computations. Using either the RNS or GS formalisms, the extensions to our knowledge 
in higher loops or higher points were limited to bosonic external states while 

the overall coefficients were not always under consider ationll. 

Since the discovery of the manifestly space-time supersymmetric pure spinor formalism 
||9|, p!0| , p!T|JT^] there has been progress in extending results of scattering amplituded^ to the 
whole supermultiplet |lT0| , |T5ip!6| , p!7| , |T8| , p!9|j20| , pT| by using the pure spinor superspace [^| 



but explicit computations for genus higher than two are still missing though [23,24,25 



And the amplitudes in the pure spinor formalism were also computed up to the overall 



coefficients. That has changed since [^, where the precise normalizations for the pure 
spinor measures were determined and where it was also shown how to evaluate integrals 
in pure spinor space. 

So in this paper we use and extend the results of ||2^ to obtain the coefficient of the 



type IIB (and IIA [27] [|2^) two-loop massless four-point amplitude from a first principles 
computation and for the whole supermultiplet. To achieve that we use pure spinor measures 
which present the feature of having simple forms for all genera, in deep contrast with the 
complicated superstring measure for the RNS formalism [2^,30|. As mentioned in [31], it 
is still an unsolved problem to find the precise normalizations for the chiral bosonization 
formulae of [^. Therefore the two-loop coefficient can not be obtained from a direct 
calculation in the RNS formalism. In fact, computing the amplitude up to the overall 
coefficient already required several years of effort which resulted in an impressive series of 
papers [P5|,|^ , so the strategy adopted in [^ was to fix the two-loop coefficient indirectly 
by using factorization. So in this respect the calculations of this paper make it very clear 
how the pure spinor formalism can surpass the RNS limitations. But to present our results 



^ There are however powerful approaches to discuss the coefficients which do not require direct 
ten-dimensional scattering computations [0 [^ . 

^ The use of the pure spinor formalism however is not limited to scattering amplitudes only. 



For reviews, see [13,14|. 
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we have chosen to adopt the clear conventions of [31], which also eases the detection of 
any mismatches. 

In section 2 the conventions and several pure spinor specific results are written down. 
Emphasis is made regarding the generality and simplicity of the pure spinor setup. The 
computations of the three- and four-point amplitudes at tree-level are performed in section 
3 to show that the conventions of section 2 match the RNS ones of |3^] such that Aq^ = 
Aq-^^, where 

Then we use the very same machinery of the tree-level computation to obtain also the full 
supersymmetric one- and two-loop amplitudes — including their precise coefficients — in 
sections 4 and 5, 



I Zi , Zj ^ 



(1.2) 

which explicitly shows that with the pure spinor formalism those coefficients follow di- 
rectly from a first principles computation. But we find disagreement with the RNS results 
reported by namely 

The mismatches seen in ( |1.3| ) will deserve some consideration. On one hand, the previous 
PS computation of the one-loop coefficient in by one of the authors claimed agreement 
with the RNS result of . But as will be pointed out in section 4, ||2^ made a mistake in 
the evaluation of the b-ghost integral which explains the difference with the computation of 
this paper. On the other (RNS) hand, we argue in section 4 that forgot the two factors 
of 1/2 from the GSO projection in the left- and right-moving sectors in their measure. This 
observation will also explain the 1/2^ mismatch at two-loops of section 5, as fixed the 
two-loop coefficient using a factorization constraint which depends quadratically on the 
one-loop coefficient!. 



^ For a compact Riemann surface 5 of genus g the correct factor is 1 / 2"^^ , which is the number 
of spin structures over S and is in agreement with factorization. 
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In the appendix A we present the detailed covariant computation of the two-loop 
kinematic factor needed in section 5. This appendix can be regarded as a fully S'O(IO)- 
covariant proof of the 2-loop equivalence^ between the non-minimal and minimal pure 
spinor formalisms, and is analogous to the covariant proof of for the 1-loop case. The 



appendix B is devoted to proving a formula mentioned en passant in |]T5| which is used to 
rewrite the two-loop amplitude in terms of integrals in the period matrix instead of in the 
Teichmiiller parameters. 



2. The conventions 

The non-minimal pure spinor formalism action for the left-moving sector reads [ITT 



S = I (fz (dX'^dXm + a'p^de"" - a'u^^dX" - a'w'^dK + a's'^dr^) (2.1) 

with the constraints (A7"^A) = (A7"^A) = {X'-y^r) — 0. The space-time dimensions are the 
following 



[a'] = 2, [X^] = 1, [r] = [A"] = [a;"] = = 1/2, \p^] = = [AJ = [r,] = -1/2. 

(2.2) 



The OPE's for the matter variables following from (|2.1|) can be computed to be 



X^{z)X^{w) ~ -^Clnk - Pc.{z)e^{w) ~ (2.3) 

The Green-Schwarz constraint dct{z) and the supersymmetric momentum ir^{z) are 

dc.=Pc.- ^h'^e)^dXrn - -^(7'"^)a(^7ma^), = dX^ + ^(^t'"^'^) (2-4) 

which satisfy the following OPE's 

d^{z)dp{w) , do,{z)W^{w) ^ , 

a z — w z — w 



^ As will be mentioned in appendix A, there is a loophole in the 2-loop equivalence proof of 
TMj. Some terms in the non-minimal pure spinor kinematic factor were argued to vanish using 



a t/(5) decomposition but, as will be shown explicitly using the identities of [21], are in fact 
proportional to the kinematic factor of the minimal pure spinor formalism. As this loophole only 
affects the proportionality constant, it does not alter the conclusions of [ |18| but had to be taken 
into account here. 



3 



dc,{z)f{e{w),x{w))^ , n {z)f{e{w),x{w)) — — 

z — w 2 z — w 

(2.5) 

where = + \{'^^0)adm is supersymmetric derivative. The composite b-ghost is 
given by Jill] (see also [^) 

4(AAj 



192(AA)2L2^ """^ ' 2 16(AA)3 ' ' 8(AA) 



and satisfies fll 



{QMz)] = T{z) (2.6) 
where the BRST-charge Q and the energy-momentum tensor T[z) are 

g = ^{X"d^+w"r^), T{z) = -^dX'^dXm - Pc.d9" + Uc^dX" + w"dX^ - s"dr^. 

From (U) it follows that [Q] = [b] = [T] = 0. 

Scattering amplitudes in the non-minimal pure spinor formalism use vertex operators 
in unintegrated and integrated forms, which for the massless states are given respectively 
by 



Viz) = A" A,, U{z) = dO'^A^ + AmW- + -d^W + -N^r.J''^^ (2.7) 
where AJX,9), A'^(X,^), Vr"(X,^), J^™ are the standard 10- dimensional = 1 SYM 



superfields ||3^. They have the following 6'-expansion [p7| ||T7 | 

A^ix, 9) = \^{^^e)^ - ^(e7m^)(7"'^)a - ^F^„(7p^)a(^7™^^) + ■ • • 



1 „ 1 
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W'^ix, 9)=C- \{l'^''erFmn + ^(7"^"^)"(9.„^7n^) + ^{-t'^''9r{9-i^Y''0)dmFpq + ... 

J-^„(x, 9) = Fmn - 2(a[^^7„]^) + ^(^7[^7^'^^)a„]Fp, + . . ., 

where am{x) = e^e*'^'^, ^"{x) = {2/a')^/'^x"^^'^'^ aiid Fj^n = 29[^a^] with [e^] = and 
[x"] = 1/2. The space-time dimensions of the superfields and the vertex operators are 



[A^] = 1/2, [A^] = 0, [W] = -1/2, [Tmn] = -1, [V{z)] = [U{z)] = 1. (2.8) 
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Vertex operators for the dosed string are V{z,z) = kV{z) (g) V{z) and U{z,z) = kU{z) ® 
U{'z) with the understanding that only the left-moving modes carry the e"^^'^ factor, k is 
the overall vertex operator normalization which will be fixed below to k = where k is 



the normalization convention used in [31]. Therefore as in [31], its precise value in terms 



of a' and the string coupling constant [^ will not be needed here. 

Finally, the string coupling constant appearing in scattering amplitude computations 
in the pure spinor formalism is e^'^^~'^^^. As discussed below, by choosing a convenient 
normalization for the pure spinor tree-level measures its equality with the RNS convention 



of [31 



The construction of the zero-mode measures for the non-minimal pure spinor variables 
was given in []Tl[] and their precise normalizations were found in ]|2^. It is however conve- 
nient to use slightly different conventions for the measures of [^ to make their genus-(7 
dependence (and generality) explicit, facilitating computations in different genera. The 
space-time dimensionless genus-gf zero-mode measures are given by 



[(iAjrQ-^ 0-2030405 c^£oi . . .05P1 . . .pii '^-^'^ ...dX^ 



^^^^^o,o.0304a5 ^ c_,-i...a5Pi...Pii^X,,...rfV, 



,1 _ ^ 7^ O1...O5PI...P1I T 1 

\dw\T = r—f dw''^ dw^^^ 

["'"^J-'- 0402030405 '^lU'^Ol . . .O5P1 . . .pii "'"^ ...uw 

[dr] Cj-T £oi ...055i ...(5ii C^r^ • • '^r^^ 

[r/s^l = r T oi...a5Pi...pii Qs^ Qs^ 

[u,c> J L-s-"- 0102030405^ L/n, . . 



'pi • ■ -^pii 



[de] = ced^^e, [dd^] = Cdd^^d^ 
with the following normalizations 



11! V47r2 



a 



11!5!Z, 



11/5 



(2.9) 

(2.10) 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
(2.15) 



(2.16) 



/ \ 2 26 
2 / n! V47r2 



a- \ 2*^ / A 



11/2 



{in 



2N-11/2 



(AA)= 



,\ -2 / o \ 11/2 

a \ R / An ^ ' 



11!5! \A 



a'V(27r)iV2^-i_ 



2 ; 26ll!5!(AA) 



^11/3 



39 



(2.17) 
(2.18) 



where R is arbitrary and parametrizes the freedom in choosing the normahzation of the 
tree-level amplitude and Ag is the area of the Riemann surface. As will be shown in section 
3, using the value 

R' = ^ (2-20) 



fixes the tree- level normalization to be the same as in the RNS computations of . The 



tensors TQ,^...Q,g, t""^ '"'" are defined as 

Taiot2a3a4Ce5 {^1 )ai('^T ) 02 ('^T^) a3 (Tmnp) 0405 (2-21) 

and satisfy 

7^0102030405 _ g, y, 3 (O O-W 

-t 0102030405-1 — D! Z (^AAJ . [Z.Z6) 

The appearance of the area Ag and of the factor Zg will be explained in the next subsection. 
They are 

where O/j is the period matrix of the Riemann surface. It is well-known that for g = 1 
the period matrix is given by the Teichmiiller parameter r. 

To avoid cluttering in the formulae we define the genus g bracket ( ){n,g) as 

_ r _ g-(AA)-(re) 

(M(A,A,^))(.,,) = j[de][dr][dX][dX] M(A,A,g,r) (2.25) 

for an arbitrary pure spinor superfield M(A, A, 6',r). With the above conventions the 
integral over the zero modes of pure spinor space becomes 

I [dXmiXXre-i'-'^ = (^y\ n > (2.26) 

which together with (|2.23|) imply that 

iV(n„)-(A^^^)(.„)=2^i?(^)'''(y)'^^, n>0, (2.27) 



where we used the abbreviated notation (A^^^) = {\YO){\YO){\-i^e){e-irstO). Due to 
the identities of [^| the foUowing trick from |j2^ is required for the tree- level, one- and 



two-loop amplitudes 



K 



{{\A^){\^^W^){\rW^):Ft^^)^^^g^ = --^((a3^5))(^,,) (2.28) 



where K denotes the kinematic factor of |31], which will be written down below. 



It is convenient to consider the genus-g expectation value of the exponentials at the 
same time as the integration over the non-zero modes of the pure spinor variables, as the 
latter is equal to {detdd)^ When both expressions are computed the determinant 



factors cancels out and one can use the following expression 

(He^^-), = {2nr5'^''\k)-^l[F,iz.,z,r''-'' (2.29) 



for their combined result. Therefore by using ( |2.29D the integration over non-zero modes of 
the pure spinor variables is already taken care of. For the sphere one has FQ{zi, Zj) = \zij\ 
whereas for genus g > 1 it can be written in terms of the prime form as 

Fgiz^^z^r'^'-'^' = |£;(z„z,)r"'-'='exp(-27r(ImO)7;(Im [ ' u;,)(Im [ ' wj)), (2.30) 

where Wi{z) (/ = 1, (7) are the holomorphic 1-forms over E^. 

From ( ^.27|) and ( |2.29| ) it follows that in amplitudes of closed string states the factors 
of Ag cancel in the always-present product of. 



g{Zi, Zj 

i=l ^ /I >^ \ / \ / 



(2.31) 

The independence of the closed string amplitude with respect to the area of the surface 
follows from the fact that the number of bosonic and fermionic conformal weight-zero 
variables is the same. 



The topological prescription |]Tl| for computing the 4-point amplitudes at tree-level, 
one- and two-loops0 is 



^0 = ^4^-2;. J d^Z4{\^V\0)V^{l)V^oo)U\z4)\'') (2.32) 



^ The I factor appearing in the two-loop amplitude was argued for in ||39t] . Every Riemann 
surface of genus 2 can be written like a hyperelliptic curve y'^ = h{z) where h{z) is a polynomial 
of degree 6 and y is the coordinate over CP^ . This curve has the Z2 symmetry y — )■ — y, so the 
1/2 factor is needed. We would like to thank Cumrun Vafa for this explanation. 
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Ml 



A, 



Ml 



i=l 



(2.33) 



(2.34) 



where Aii {M.2) is the fundamental domain of the Riemann surface of genus 1 (genus 2) 
and is the regulator [ITII 
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-{X\)-(w'lU')-(re) + {s'd') 



(2.35) 



1=1 



) denotes the integrations over the zero-modes 



1=1 



( ) ^ n / [d9][dd^][dr][ds^][dw^][dw^][dX\[dX\ 



(2.36) 



and the b-ghost insertion is pO| , |4T[] 



j = l,...,35f-3. 



^2.37) 



where the normalization l/2n comes from bosonic string theory because the topological 
prescription is based on it. With the above conventions, the space-time dimension of the 
genus-^f four-point amplitudes is given by [Ag] = 8. In the following sections we don't keep 
track of the overall sign of the amplitudes. 

Following we use d'^r = dr A df, d'^z = dz A dz (in particular Jj,^ d'^z = 2x2). 
Furthermore 3^s has space-time dimension —2 and is given by 



= -sA(l,4)A(2,3) +tA(l,2)A(3,4), 



(2.38) 



where A(i,j) = Wi{zi)w2{zj) — Wi{zj)w2{zi) and wi{z) is the basis of holomorphic 1- 



forms discussed below and s = — 2(/c^ ■ /c^), t = — 2(/c^ ■ /c" 



u 



-2{k^ ■ k^) are the 



Mandelstam variables satisfying s + t + u = 0. Finally, the omnipresent supersymmetric 
kinematic factor K can be conveniently represented by the pure spinor superspace expres- 
sion K = 23040((AA^)(A7"'Vr^)(A7'^Vr^)J'^^), where the brackets here are defined such 
that ((A^^^)) = 1 [^. While the computations of did not involve the whole super- 
multiplet, this representation of K is convenient because its bosonic component expansion 



has the same normalization of the kinematic factor -RT of pi 



K = {e^ ■ e^) [2tu{e^ ■ e^) - At{k^ ■ e^){k^ ■ e^)] + perm + fermions 



(2.39) 



where the fermionic terms can be looked up in [21 
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2.1. The normalization of zero-modes 

Since the dimension of the zero Cech cohomology group H^iTig, O^), where Q}(Tig) is 
the sheaf of holomorphic 1-forms over E^, is equal to the genus g of the Riemann surface 

we expand a generic conformal weight (1,0) field as 

a 

(^(^) =(^(^) + ^«;,(^)(^^ (2.40) 

1=1 

where (^'^ are the zero modes and {wi{z)dz} is a basis of the H^iTig, Q}) group such that 
Wj{z)dz = 5ij, / Wj{z)dz = Qij i,j = 1,2, ...,g 



{wi, Wj) = WiWjdzAdz = 2ImOij (2-41) 

where and bj are the generators of the H^{Tig, Z) = Z^^ homology group and O^j is the 
period matrix If we expand (f) over another basis {aj} related by Wi = Bfaj then 

il, 

det Wi Wj dz A dz^ = det|i?pdet ai aj dz A dz 

so that for 

|detS| = ^det(2ImO,^) = Z'^ (2.42) 

the basis {ctj} is orthonormal, {ai,aj) = 6ij. Expanding the fields over the new basis as 
(p = X]j=i CKj one can show that the measure satisfies 

d(P'^ ■ ■ ■ d(j)'3 = det(B)'#i ■ ■ ■ #3, (2.43) 

where e = +1( — 1) for bosonic (fermionic) fields. In the non-minimal formalism the in- 
tegration measures for conformal weight-one fields is defined in terms of the (p' compo- 
nents, but it is more convenient to use the {wj} basis in explicit computations. To ac- 
count for this we absorb the Jacobian ( p.42|) equally into each of the [dcj)^] measures as 
(det(B)'/^#i) ■ ■ ■ (det(B)'/^#9), which explains the factors of Zg in (|J|) - ( gJJl) . 

Similarly, the appearance of Ag in the measures of the conformal weight-zero vari- 
ables [A", Aa, Tq,, 9°^] follows from the expansion in a complete set of eigenfunctions for the 
Laplacian of the worldsheet 

X^{z) = A^Ao + J2X'^Ajiz,z) (2.44) 
j 

and Ao = 1 is the generator of the cohomology group iJ°(Eg, O) = C, where O is the sheaf 
of holomorphic functions over Eg. Because the norm of Aq is ||Ao|p = Ag the measures of 
the scalars must have the Jacobian Ag^^ (where e = -|-1(— 1) for bosonic (fermionic) fields), 
explaining the factors of Ag in ( p.l6| ) - (|2.19| ). 
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2.2. On the normalization oj the holomorphic 1-forms 

The result of scattering amplitudes in the pure spinor formalism does not depend on 
the normalization of the holomorphic 1-forms wi{z). To see this one notes that in closed 
string amplitudesi at genus g the difference between the number of independent fermionic 
and bosonic conformal weight-one left- moving variables is always l&g ^- llg — llg — llg = 
5(7, corresponding to dj^, s°'^ ,wj^ and w^^. As Zg appear in the conformal weight-one 
measures as , their total contribution to closed string amplitudes is always 1-^^ P = Zg^. 
Furthermore, when saturating the llg s""^ zero modes the regulator factor M provides llg 
(i^ zero-modes as well - because they appear in the combination (s^d^) in Af and there is 
nowhere else to get " zero-modes from. So to complete the saturation of the b-ghosts 
and external vertices will always provide 5g factors of \d^^wi{z)\'^ , which scales as x^^^ 
under wi{z) — > xwi{z). To finish the proof it suffices to note from ( |2.41| ) and (|2.42| ) that 
Zn scales diS Z g — y X ^Zg and therefore \Zg\'^ offsets the scaling of the factors from 

the b-ghosts and external vertices. 



3. Tree- level 

The massless four-point amplitude at tree- level is given by ( |2.32| ), 



^o = ^V2^ J dh4\AfV\0)V\l)V^ioo)U''{z^)\^). 



(3.1) 



The amplitude ( pTj) was computed in components by fT^ and later expressed in pure 



spinor superspace up to an overall normalization in [^, where it was used that 
(]^^^-^ e*'^'^*-^"'^"'') = |2;4|~5"*|1 — 24|~5"'". The normalization of the tree-level ampli- 
tude of can be determined a posteriori by using the precise value for the expectation 
value of the exponentials. 



1=1 



A 







\Z4\ 



■2°*|1-Z4| 



1 / 

2° 



(3.2) 



where Aq = A-k is the area of the sphere. Doing that in the computations of we obtain, 

(3.3) 



^o = (27r)i°5(i°)(ifc)^V2'^ 



^)V^)VoKoC(M,.), 



The analysis can be trivially modified to the open string. 
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where 



C(s,t, w) = 27r- 



r(i + 4^)r(i + 4^)r(i + 4^; 



(3.4) 



and the kinematic factor Kq is given by the pure spinor superspace expression |21 



K 



Ko = {{XA'){Xl'^W'){Xrw')J^tn)is,o) = -^9^((A'^'))(3,o) (3.5) 
where the last equahty foUows from (|2.28| ). Using (|2.27| ) we get 



Kn = K 



R fa' 



and therefore 



Ar(3,o) 



(29325) 72 V 2 



A=(2^)-5(-)(fc)^v^'^f (^y^"' 



-) KKC{s,t,u) 



= (27r)iVio)(A;)^ 
where we used that R"^ = -^(^ . 



^ , ) f — 1 KKC{s,t,u) 



(3.6) 



(3.7) 



3.1. The tree-level normalization 



To fix the normahzations at tree-level to match those of we need two conditions 
|3H], therefore we also evaluate the three-point amplitude, which is given by 



At = k^e-''^{\ArV{0)V{l)V{oo)\''). 



(3.^ 



Using (|2.29|) , the component expansion found in and the fact that {k^ ■ k^) = 



A = (27r)i05(io)(fc)^3^-2'^_4L^|^^|2 

(27r^Q;')° 



hence, 



A = (27r)i"(5(io)(fc)^3g-2^, /a- 



267r6a'^ V 2 



(3.9) 



where we used that 



|K,P = |((AAi)(AA2)(AA3))(3,o)| 



,2 |iV(3,o)l'...TT7 V2 /27r\- /«■ 



28802 
11 



2^TX \Aq V 2 



and Ws = (e^ ■ e^)(/c^ • e'^) + (e^ ■ e^){k^ ■ e^) + (e^ ■ e^){k^ ■ e^) is the 3-pt kinematic factor 
in the RNS computation of [ pT| . 

In the normahzation conventions of the tree-level tree- and four-point amplitudes 
were shown to be given by! 



3-2\ 



V2 



a 



(3.10) 



4-2\ 



V2 



2^^Ti^a'^ / V 2 



a 



KKC{s,t,u). (3.11) 



Comparing the RNS results of ( ^.10| ) and ( |3.11D with the corresponding PS amplitudes of 
(PI) and (13) it follows that 



(3.12) 



so the PS and RNS tree-level normalization conventions are the same. The numerical value 
of the parameter R in ( p.20|) was chosen precisely for this match to happen. After this 
tree-level matching is done there remains no more freedom to adjust conventions. 



4. One-loop 

The one-loop massless four-point amplitude is given by (p.33| ) 

A 

1 



Ml 



i=2 



d^iH / d^z,{\^{b,^i)V\0)U\z,)f). 



(4.1) 



The regulator in (|2^ ) becomes Af = e-(^^)-(™'^')-(''^)+(^'^'), ( ) denotes the inte- 
grations over the zero-modes of [6*", (ia, Tq, s", Wq,, mJ", A°, Aq,] and the b-ghost insertion 



written in (|2.37|) reads 



(4.2) 



As discussed in [T^] , there is an unique way to saturate the zero- modes of all variables. The 
b-ghost must provide two zero-modes with ■^{^){X'j'^^Pr){d^'jrnnpd^)wiWi, where 



Note that [At] = 6 and [^o] = 8, so in [31 1 the factors of {a' /2) were forgotten. 
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Wi = 1 is the holomorphic 1-form in the torus. Therefore the integral ( [4 .21) is easily 
computed to give 

because / d? zwiWi^ii = 1. The integrated vertices contribute three zero-modes via 
(^f{d^W'^){d^W^){d^W^), so (3 becomes 

where the computation of the zero-mode integrations in 

ICi = J [dd^][ds^][dw^][dw^]e-^'"'^'^+^'''^'^x 

is straightforward and goes as follows. Using the measures ( |2.11| ) and (|2.12| ) and the results 
of one gets 

J[M[Me-^-''^ = j^^^. (4.5) 



Hence, 



/Ci = ^^^yi^!^ J Mcii][c^s']e(^''^')((A7"^"Pr)(ci7,nnpC^)(AAi)(ciM^2)(rfM^3)(^^4)^^^^^^_ 

(4.6) 

The integration over [ds] using the measure ( p.l4| ) leads to 

{{Jj"'"'r)(d^j^„pd^)(\A^){d^W'){d^W'')(dHV*))^i,iy (4.7) 
Using the identities 

I d^^dd d =e e ^ai---a5Pi---pii ^ iil5ixai---a5 (aq) 

(^o.bc\pi2Pl3(^ ^ _ _25QXafec (Aq\ 

\l J \ Jminipi J P12P13 ~ ^ '-'"minipi; K^-'^J 

(A7™0K(^7"^)-.(^7^0a3(7-in,pJa4a5] =(A7"^0a,(A7'^^)a.(A7^^)a3(7m,n,pJ 



014015 

(4.10) 
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the integration over [dd'^] is easily performed and 



becomes 



2R 



((A7--^'I))(AAi)(A7„.M^')(A7nW^')(A7pM^'))(i,i) (4.11) 
where we also used that p[ / e-('^^V„(. . .) = / 15„e-(''^)(. . .)• Using the identity H 



K 

2632 



2,1) 



where in the last line we used ( |2.28| ), the kinematic factor ( |4.11[ ) can be written as 



{2TTf''^ZlK fa' 



3i?27 



Using the definition ( |2.27| ) one concludes from ( 4.12|) that 



l(^l)P = |S^^m2,l)l 



(4.12) 



(4.13) 



The amplitude ( [4.3|) therefore is given by 



27r 



22934^2^2 



which upon using (|2.31|) , 

4 



i=l 

and = (2x2) ~^ finally becomes 
Ai = (27r)i05(i°)(fc) 



(27r)5a 



297r2c,/5 \ 2 



rf2r 



Xi ^2 



(4.14) 



i<j 



It should be pointed out that the previous computation in |]2^ claimed that the 1-loop 
computation in the pure spinor formalism agreed with the RNS result of ||3^], but it was 
incorrectly used that / d'^zwiWifj.^ = 2 instead of = 1. And to compare with the result of 
|31}1 one takes into account the translation invariance of the torus to integrate the "extra" 



/ = 2 integral in their equation (2.22) to conclude that (|4.14| ) differ sli2l by ^ from 
the RNS result reported in We argue that the one- loop result of is missing the 
two factors of 1/2 from the GSO projection for both the left- and right- moving sectors, 
explaining the 1/22 fijgcrepancyllil. 



There is a missing factor of (a'/2)* in 

We thank Eric D'Hoker for kindly confirming to us their missing 1/4 factor [45|. 
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5. Two-loop 

The two-loop massless four-point amplitude in the non-minimal pure spinor formalism 
is given by 

4 3 



A2 = ^^V^nn / / d''z,{\M{h,ii^)U\z{)\'') (5.1) 

^ ^=lJ = lJM2 J 

where () denote the zero- mo de integrations [iLi W^] [dr] [ds^] [dw^] [dw^] [dX] [dX] and 

= ^J d\b,,n'^^. (5.2) 



The 32 (22) zero-modes of da (s") are denoted by (sf) for 7 = 1,2. As shown in |TI 
they are saturated by the different factors of ( |5.1|) as 



M ^ {s'd')'\s^d^)'' f[{b,^j)^{d'f{dY U^U^U^U^ ^ {d^)\d^)\ (5.3) 

so that each b-ghost contributes only zero-modes with the term (t) i^2{\\y (d'jmnpd). 
The expansion da{yi) = da{z) + d\wi{yi) -f d1^W2{yi) implies a zero-mode contribution of 

{d'Jmnpd)iy) = id^1mnpd^)flliy) + 2{d^'yrnnpd'^)fl2{y) + (<^^ TmnpC?^) /22 (l/) 

where fij{y) = Wi{y)wj{y), i,j = 1,2 is the basis of holomorphic quadratic differentials 



for the genus-2 Riemann surface [^^. It follows from a short computation that, 
3 ^ r 

Ylib, Hj) = CbYl / d^yj^j{yj)A(yi,y2)A{y2,y3)My3.yi) 
^ -(A7a;,cr)(A7de/r)(A7,/.^r)(rfS«'''^rfi)(rfi7''^c^')(t^'7"^^t^') (5-4) 



(xxr 

where Cf, = (384^)3 i^)^ ^ind A{y,z) = Wi{y)w2{z) — W2{y)'Wi{z). In the computation of 
( p.4| ) one can check that combinations containing a different number of d^ and d^ zero 
modes e.g., 

(A7abcr)(A7de/r)(A73/..r)(rfS"^^rf2)(ciS<^^/rf2)(rf%f'^M2) 



vanish trivially due to the index symmetries, confirming the zero mode counting of ( |5.3|) . 
Using the period matrix parametrization of moduli space the b-ghost insertions become 

3 



[ d\id\2d\3\l[{b,H)f = 

JM2 j=i 
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= cl [ d'QIJ\-^{XJabcr){X7defr){X7sh^r){d'r^^^ 
Jm2 [XX)'^ 

where / = J d'^Qii(PQi2d'^^22 and we used the identity of the appendix B. 

The integration over [dw^] [dW^] can be done using the results of taking into 
account the different normahzations for the measures (|2.11|) and (|2.12| ), 



/ [dw^][dmj^][dw^][dw'']e-'^^"^"^-^^"^"^ = j^Z-^^ (5.5) 

It is straightforward to use the measure ( |2.14| ) to integrate over [rfs^] [c/s^], and the amph- 
tude ( |5.1| ) becomes 

4 2A / ' \ ^ /* r 

= 256^2636(n!5!)4 (y j d'^u\Z-'' j [de][dd'][dd\dr][dX][dX] 

(AA)-(r0) 

{Xw) {^Idefv) [X^gmr) {d'r^'d' ) (d^'^-^d^) (rf^^^M^) 

{XX) 

(A7^^)a,(A7'^^)a.(A7^^)a3(7r.,n,pJa,o,(A7"^^)/?,(A7"^)/3,(A7^^)/33(7-.r..pJ/5,/35 
ai...a5pi...pii^i.../355i...5ii j1 j1 j2 j2 

[{d^W^){dV)id^W'')id''W^)wiizi)wi{z2)w2{zs)w2{z4) 

+ {d^W^)id^W^)id^W^)id^W^)wiizi)w2iz2)wi{zs)w2iz4) 

+ {d^W^){d''W''){d^W^){d^W'')wi{zi)w2{z2)w2{z3)wi{z4) 

+ {d^W^){d''W''){d^W^){d^W^)w2{zi)w2{z2)wi{z3)wi{z4) 

+ {d^W^){d^W^){d^W'^){d^W^)w2izi)wi{z2)wi{zs)w2{z4) 

4 

+ {d''W^){d^W''){d''W^){d^W^)w2{zi)wi{z2)w2{zs)wi{z4)]\^ X (Y[e'''-^)2 (5.6) 

i=l 

where the only non-vanishing contribution from the external vertices contains two d^ and 
two d^ zero-modes coming from (a'/2)^((iVF)^. Integrating the d^ zero-modes in (5.6) 
using (^^) and — (|]TUp one gets 
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where the non-minimal kinematic factor /C is given by 

+(A7"Wi)(A7^W2)(A7"^W^^)(A7P^M^4) + HS412) 

+(A7"Wi)(A7PW3)(A7"^M^2)^^^P2^4^ ^^^^^^ ^ ^^^^^^ 

+(A7-Wi)(A7PW4)(A7'^^Vr2)(A7P^M^3)^^^^^^^^^^^^)]^^_^^^^ ^58^ 
and we defined 

Hijkl = Wi{Zi)wi{Zj)w2iZk)w2izi). (5.9) 

In the Appendix A we will show that 

/C2 = 33 5 ys{iXA'){X^^W^)iX^^W')Tt^)^o,2) =2'^ys K{iX'e'))^o,2) (5.10) 
where the second equality follows from ( |2.28[ ). Hence ( |5.7D is given by 



A2 = K^e''2\^KK (^^) ^ d'njjZ'2W\N^o,2)f{Ue^'-l2. (5.11) 
Prom the formula ( p.31| ) we get 

|iV(o.2)|^(ne^'=-)2 = (2.)^V^°)(fc)^^ (y)'n^2(..,.,)"'='-'=^' (5.12) 



which together with Z^'^ = 2~^°det(ImO/j)~^ implies that 

V2KK fa'V^ f d^Qi 



Zi , Zj ^ 



(5.13) 

which is the final result for the 2-loop amplitudelll. And we have shown that the compu- 
tation of the whole supersymmetric amplitude including its coefficient is straightforward 
using the non-minimal pure spinor formalism. 



The coefficient obtained here is 1/16 times the result reported by |]3l|| . This difference can 
be accounted for by the missing factor of 1 /4 in their 1-loop result which is used as input in their 
fixing of the 2-loop coefficient through factorization. 
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6. Conclusions 



We used the genus-(7 measures in tlie non-minimal pure spinor formalism to find the 
overall coefficient of the two-loop amplitude and have shown that there are no major differ- 
ences in carrying out the computations when compared against the analogous calculations 
for the tree-level and one-loop amplitudes. In fact, this task is significantly simplified 
by the pure spinor super space identities of |j2ll] linking the four-point kinematic factors. 



These observations must be compared against the unsolved difficulties in the RNS formal- 
ism, which besides having no explicit computations for the whole supermultiplet has to 
rely on a factorization procedure to find the two-loop coefficient. Furthermore, we argued 
that the mismatch of 1/16 found in the two-loop amplitude compared with the result of 



| 31j] is due to a missing factor of 1/4 from the GSO projection in their one- loop amplitude. 
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Israelische Projektkooperation (DIP H52). HG acknowledges support by FAPESP Ph.D 
grant 07/54623-8. 



Appendix A. Non-minimal two-loop kinematic factor 

The non-minimal two-loop computation of section 5 leads to the kinematic factor 

(A.l) 

In H] it was showrJll that (|OD is proportional to ((A7""''P'?'^A)(A7W) J'^„JpqJ'^s)(o,2), 



the kinematic factor obtained in the minimal pure spinor formalism , whose equivalence 
with the RNS result of was established in fl^,^. We will now evaluate all the terms 
in ( |A.l ) to find the exact coefficient announced in (|5.10 ). 



There is a loopliole in tlie proof of |18] tiiough. In tliat proof the terms in ( [A.l| ) which are of 
the form kWWWF where argued to vanish after summing over the permutations. However we 
show here that by using the identities of those terms are actually proportional to WJ-J-J-, so 



the conclusions of [18| still hold true. CM would like to acknowledge a question made by I. Park 



which sparked the motivation to revisit that proof. 
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To simplify the covariant computation of ( |A.1|) we use {X'j'^^-f^ D){X'yadefg^) = 
48(AA)(A7"SL') - 48(A7"f A)(AL') and drop the last term because (A7""l^^) is BRST- 
closed. And for the same reason we can use (A7"7^-D) instead of (X'y'^^D) in the first term. 
Therefore ( |A.1|) becomes 

K = 48((A7»'^^L))(A7V^)(A7"''''I^)[(A7''Vr^)(A7W2)(A7'^M^3)(A7W^)])(_2,2)- (A.2) 

The strategy to evaluate and simplify0 (^) is straightforward due to the identities obeyed 
by the pure spinor A". One uses the SYM equation of motion for W" in the form of 

(A7"''^I^)(A7^Vr^) = J(A7"^7"^^"^7"'^A)J-^^,^ (A.3) 
(A7V^)(A7^W^') = ^(A7"^"^^"^"^A)J-^^^^ (A.4) 



and uses gamma matrix identitiegi^ in such a way as to get factors which vanish by the 
pure spinor property of (A7'^)q,(A7t„)^ = 0. For example, one gets identities like 

(A7V^"^7"'^A)(A7V^)[^^,n,(A7W)] =48(AA)(A7V^)Kc(A7^VP^')] (A.5) 
and 

•^'.(A7 VV^A)(A7")a(A7')MA7^)7 = 

nXX^J^l - S^T!, - 6^Tt){Xr)c.{X-f')p{X-f^),. (A.6) 
Following the above steps ( |A.2|) becomes 



K = 576((A73'^*L')(A7V^)Kb(A7^I^^)(A7'^Vf^3)(A7W^) 

-Ij'!,{X^'W'){X^>^W'){XYW') - It'^,{X^''W'){X^>^W'){XYW') + (1 ^ 2)])(_i,2) 

-192((V"*I))(A7V^)[^6c(A7W")(A7'W^')(A7'Vr2) + (3o4)])(_i,2). (A.7) 

The last line of ( [A.7| ) vanishes. To see this note that the factor inside brackets is BRST- 
closed, so that we can replace {X'y°''y^D) by (A7"^D). Furthermore {X'j^°'^D){X'y^°'D) = 
— (A7^"7*L>)(A7^"L>) — 2(A7"iI>)(A7*"L>) and the last term vanishes when acting on 
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These kind of computations confirm the observations made long ago that pure spinors simplify 



the description of super- Yang-Mills theory [47|. 

The package GAMMA |48] is often very useful for these manipulations. 
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J^^^{XYW^){X'y''W^){XYW^) because (X^'^D) = {X^'J^D) - 5i{XD) and iXY)^{X'yi)p 
due to the pure spinor property. Therefore by using the gamma matrix identity of 



(7"^")a \lmn)p ^ = SS^j'p " 25^5^ + 4^^^^^^ (A.8) 

and dropping the term proportional to the BRST charge and using momentum conservation 
(so that Da and Dp effectively anti-commute) we get 

(A7»"7^D) (A7^"D) = 8(AA) (D^D) + 4(X-f'^D) {Xj'^j'D) . (A.9) 



The first term in the RHS of (|A.9| ) is proportional to /c* and vanishes by momentum 
conservation, while the last term vanishes when acting on J-'^^(A7*VF^)(A7^VF^)(A7'^VF^) 
for the same reason as explained above. 
For convenience we write ( [A.7|) as 

K = 576Ka^ - 192Ka^ - 192Kas + (1^2) (A. 10) 

where 

Ka, ^ ((V^I^)(A7VI^)[-^a\(A7'W^')(A7''W^')(A7W4)])(_i,2) 

while and can be obtained by permuting the labels in -ftT^^. Using the SYM 
equations of motion and a few gamma matrix identities we get 

Ka, = +{(X-f3'''D) \6kl{X-f3W^){X-f^W^){X-f''W^){X-f'W^) 

-l{Xj'^''^'^^X)J^l^J^^^{Xj^W'){XYW^)~^{^^^^ 

-^(A7"^'""'A)J-i,J-;^JA7W2)(A7W3)])(_i,2). (A.ll) 

After a long and tedious computation using straightforward manipulations and identities 
like (A7"^'^P'^'^A) J-^^J-/, = (A7"^"^^'-A) J-;^,^-^ and H 



(A7--P^-A)(A7^Vr^) [j'Lj'p.J'rs + J'lnJ'i.J'rs + ^Ir^^l.^^ = (A. 12) 

one gets 

Ka, = -^(fc^(W^')^p,(A7™A)(A7"M^^)(A7W4))(_i,2) + (1^2) 
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+((A7™''A) [ {fI^:fI^:fI - a:fI^:fI^:fI) {x^w^) - ^:f1^f^^^:fI,{\yw^) + (3 ^ 4)] 

+24fc^(A7'-M^^)J-,2,(A7'^M^^)(A7W3)+24fc^(A7'-I^^)J-^2,(A7'^T^^)(A7W4))(o,2) (A.13) 

To simplify the ( )(-i,2) terms in ([A.13| ) it is convenient to have Aq, in the combination 
(AA) by using the identities, 

(A75'^^7"T^i)(A7""™A)(A7^Vr3)^^y^4^) = 2{XX){W^^9'^^W^){\^'^''pi9\){X^^w^) 

(A. 14) 

and similarly 

(A7S'^VW"^)(A7"S'^"'^A)(A7W2)(A7W4) = 2(AA)(T^^7"'^Wi)(A7"^^'^"A)(A7W2) 

(A.15) 

{\-1^^'-^^W^){\-^''3'''^\){\-^^W'^){\-^'W^) = 2(AA)(W^V'''W^^)(A7"^"'''A)(A7"Vf^2)_ 

(A.16) 



In 1 21] it was proved that 



((A7™^'^^A)(A7W4)J-^„J-2^J-,3,)(„,,) = -16(fci ■ k'){{XA'){X^^W'){Xrw')TUM 

(A.17) 

and that ((AA^)(A7'^VF^)(A7"'VF'^)J-'4^)(^ g) is completely symmetric in the particle labels, 
hence 

((A7-'^^^^A) [ {J^'^^J^',,J^l - ^J'LnJ'i.J'l) iXYW') - SJ^l^J^'^^J^UXYW')])io,2) 

+(3 ^ 4) = +240(^1 ■ e){{XA^){X^^W^){Xrw')J^t^)^o,2), 

where we also used the momentum conservation relation of {k^ ■ k^) + {k^ ■ k'^) = —{k^ ■ k"^). 
The last two lines of ( [AT3| ) can be simplified by using (A7"'l¥) = QA"^ - /c"^(AA) and 
by noticing that the terms of the form Q{A^)Tpq{X'^'PW){X'^9T^^ a^g BRST exact and 
therefore vanish. Doing that one gets 

-72(fc^(A7"^M^') [n^{x^''w^){x^^w') + :fUx^'^w^){x^^w') + :Ft{X^'^W^){X^^W^)\ 
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= +240(fci • k^){{\A'){\^^W^){\rW^):Ft^)^^^^y (A.18) 
Feeding the results above into the expression for Ka^ in ( A.13 ) one can write it as 



Ka^ = Ka^^ + Ka^^, where 

K^,, = -(fc,\A7™^A)(W^Vn.M^')(A7W4)J-2^)(o,2) + (1^2) 

-[{iJ'^sktaiW\H\c]W') + kUw\HsW')J^l){Xr''''^X)iXj^W'))^o,2) + (3 ^ 4)] 

(A.19) 

and 

Ka,^ = +480(fci ■ k'){{XA'){Xj^W')(Xrw')J^tn)io,2) (A.20) 
Furthermore, by using the gamma matrix identities 'j'^^p = ^"^^^p — ^qTrin^p _j_ ^am^n ^^^^^ 

the pure spinor identities (A7""^"'P^A)(A7a)/3 = (A7™')Q(A7m)/3 = 0, the equation of motion 
kmiX'y^^W^) = and the results above, i^an (and its permutations i^a2i and i^asJ can 
be further simplified. In fact, one can show that 

-(fc,^(A7™^^'^A)(Vr37_,Vri)(A7'^Vr^)J-2^)(o,2) 

= 32{kl{Xj^W'){Xj^W'){Xj'^W')J^^^)^o,2) + (3 <^ 4) 
= -32 {{k' . k') + {k' ■ k')) ((AAi)(A7"^M^^)(A7"Vr^)J-4n)(o,2). (A.21) 
From 7^^7mnp = 48(525^ — 5^5^) and the equation of motion for W!^ it follows that, 

-kl{X-i''3'''^X){W^-ighsW^)7l,{X-i''W^) = 48(A;3 ■ k^){XA^){X-i'^W'^){X-i''W^)J'tn 

and 

\j'lkl{W^-1ghaW^){X-i''^^'''X){X-i''W'') = 48(A;i ■ e){XA^){X-i^W^){X-i'^W^)J'l^. 



Prom ( [A .211 ) one also gets 



-^J-3,A;i(M^Sg/^cI^')(A7"^"'''A)(A7W2) = lQ{k^ ■ e){XA^){X^'^W''){X^^W^)J'^^. 

(A.22) 
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Plugging the identities ( |A.21|) - ( |A.22| ) in ( |A.19 ) and summing over the indicated permu- 
tations leads to 



Ka,, = 240(fci ■ fc2)((AAi)(A7'-M^^)(A7"Vr^)J-4j(o,2) (A.23) 

hence 

K^, = Ka,, + Ka,, = 720(^1 ■ k^){{XA'){X^"^W^){Xrw')TtJ(^o,2). (A.24) 
Prom ( [A.IOI ) and (|A.24|) and their permutations one arrives at the final resultlll for ( [A.l|) , 



[576{k^ ■ k^) - 192(A;^ • k^) - I92{k^ ■ k^) + h7Q{k^ ■ k^) - 192(A;^ ■ k^) - 192(A;^ • k^)] 
= 3 ■ 2^ ■ 2880(^1 ■ e){{XA^){X^^W^){XrW^):Ftr:)io,2y (A.25) 



The complete kinematic factor (|5.8|) is obtained using the result ( |A.25|) and permuting 



its labels. The first line of ( |5.8| ) is given by (|A.25| ) while the second and third are obtained 



by replacing s u and s t respectively. The final result is therefore 
/C2 = -3 • 2^ • 2880{{XA'){X^^W'){Xr W')J^tn) (0,2) [ 

'S(-f^l234 + Hs4i2) + u{His24: + H2413) + ^(-^1423 + -^^2314)] 

= 2'H'5ys{{XA'){X^^W'){Xrw')J^U^o,2) (A.26) 
where we used the Mandelstam variables and u = —t — s together with 

iiZ'1234 + -^3412 — -f^l324 — -f^2413 = ^(l, 4) A(2, 3) 
-f^l423 + -^2314 — -^1324 — -^2413 = " 2) A(3, 4). 



and the definition ( |2.38| ). With (|A.26| ) the expression for the kinematic factor ( ^.8|) is 
finally demonstrated. 



To check results we performed explicit component expansion computations with especially- 
crafted programs using FORM ||49|] . 
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Appendix B. Period matrix parametrization of genus-two moduli space 

Let fx-^- {i = 1,2,3) be the Beltrami differentials, {i = 1,2,3) the Teichmiiller 
parameters and wj{z) (/ = 1,2) the holomorphic 1- forms over E2, then 

j (fri(fr2(fn\j[ j c^2;2^;U,(2,)A(l,2)A(2,3)A(3,l)|' = j (fVL^id'Vti2(fVL22 (B.l) 

i=l 

where = Wi{zi)w2{zj) - Wi{zj)w2{zi). To prove this one uses the i dentityE 

d'^z wi {z)wj{z) ^i{z) = — — (B.2) 
and expands A(l, 2) A(2, 3) A(3, 1) to get 

n / rf^../..(..)A(l,2)A(2,3)A(3,l) = -^^^e-^ (B.3) 

i=l * J 

So 

3 

driAdr2Adrsl[ f ^'^.^(/.(^O A(l, 2) A(2, 3) A(3, 1) = -^^^e^^'^rfn A rfrs A drg 

• , J OT^ OTj OT]^ 

5O12 , ^ , ^ , 

-ar,- A ar, A dru 



dTi Stj dTk 
= -6Q11 A 6Q12 A 5022- 

Multiplying the last expression by its complex conjugate we get ( |B.1| ). 



In the Mathematics literature this is the "Rauch variational formula", see e.g. [50|[51||52] 
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